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Abstract. We define and study a gluing procedure for Bridgeland stability conditions in the 
situation when a triangulated category has a semiorthogonal decomposition. As an application, 
we construct stability conditions on the derived categories of Z2-equivariant sheaves associated 
with ramified double coverings ofP^ Also, we study the stability space for the derived category 
of Z2-equivariant coherent sheaves on a smooth curve X, associated with a degree 2 map X ^ Y , 
where Y is another smooth curve. In the case when the genus of Y is > 1 we give a complete 
description of the stability space. 



Introduction 

Stability conditions on triangulated categories were introduced by Bridgeland in 0] as a 
mathematical formalization of Douglas' work on Il-stability in [TJIS]. A stability condition gives 
a way to single out (semi)stable objects in a triangulated category P, generalizing Mumford's 
definition of stability for vector bundles. The remarkable feature of Bridgeland's theory is that 
the set of (nice) stability conditions on D has a structure of complex manifold. Hypothetically 
this manifold, called the stability space has some interesting geometric structures, and in the 
case when D is the derived category of coherent sheaves on a Calabi-Yau threefold this space 
should be relevant for mirror symmetry considerations (see [6]). However, at present we have 
a quite limited stock of examples of stability conditions, so it is important to come up with 
new techniques for constructing them. Recall that a stability condition can be described via 
its heart, which is an abelian category H C "D, together with a central charge Z, which is 
a homomorphism Ko(T>) — )• C sending every nonzero object of H either to the (open) upper 
half-plane or to M<o- The idea to consider non-obvious abelian categories sitting inside derived 
categories is historically related to the theory of perverse sheaves, where such abelian categories 
are defined using a certain gluing procedure associated with a stratification of a topological space 
(see [3]). Thus, it seems natural to try to extend the gluing construction to stability conditions. 
This is the first principal goal of the present paper. Secondly, we consider examples of the gluing 
construction for stability conditions in particular geometric situations. 

The notion of an abelian category sitting nicely inside a triangulated category D is axiomatized 
in [3]. Recall that such categories appear as hearts of t-structures on D. The natural setup 
for gluing of t-structures is the situation when D has a semiorthogonal decomposition D = 
(2?i,2?2)- By definition, this means that Di and are triangulated subcategories in D such 
that Hom(£^2) Ei) = for every Ei G Di and E2 £ 'D2, and for every object E D there exists 
an exact triangle 

(0.1) E2 ^ E ^ El ^ E2[l] 
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with El €z Di, E2 G 1^2- Assume we are given hearts of t-structures Hi C "Di and H2 C 1^2 ■ 
Under the additional assumption that 



the corresponding glued heart H will be the smallest full subcategory of T>, closed under exten- 
sions and containing Hi and H2- If we have stability conditions on Di and P2 with the above 
hearts then we can define a central charge Z on D uniquely, so that it restricts to the given 
central charges on Di and In order for the pair {H,Z) to determine a stability condition 
on T> one should check the Harder-Narasimhan property (see section [1]). This does not seem 
to follow automatically from the similar property of the original stability conditions on T>i and 
T>2- We provide two sufficient criteria for checking this property: the first (Proposition I3.5l fa)) 
imposes an additional discreteness condition on the original stability conditions on T>i and T>2, 
while the second (Theorem I3.6p imposes a stronger orthogonality condition than (10. 2p . We also 
check that under appropriate assumptions the gluing operation is continuous (see Theorem 14.31 
and Corollaries 

For technical reasons we introduce the notion of a reasonable stability condition which is 
slightly stronger than that of a locally finite stability condition considered by Bridgeland. 
Namely, we say that a stability condition is reasonable if the infimum of |Z(£')| over all nonzero 
semistable objects E, is positive. In most of our considerations we work only with reasonable 
stabilities. We show in section [T] that all (locally finite) stability conditions considered in the 
works [2], [11, [5] and [TT] are reasonable, so this does not seem to be much of a restriction. 

In the case of the semiorthogonal decomposition associated with a full exceptional collection 
(Ei) our gluing procedure for stabilities reduces to the construction of Maori in [llj (the collection 
(Ei) should be Fixt- exceptional, i.e., such that Hom.-^ {E^, Ej) = for i 7^ j). To get new 
examples of stability conditions we consider the following situation. Let X ^ Y he a ramified 
double covering of smooth projective varieties. Then X is equipped with an involution and we 
can consider the derived category V = V^^ (X) of Z2-equivariant coherent sheaves on X. It turns 
out that this category has a semiorthogonal decomposition with one block being the category 
of sheaves on Y and another — sheaves on R, the ramification divisor in Y (in the case of curves 
these semiorthogonal decompositions were considered in pL4|). This allows to glue together some 
stability conditions for sheaves on Y and R into a stability condition on D. Using examples of 
stability conditions on surfaces constructed in [2j this gives examples of stability conditions on 
VziiX), where X is a ramified double cover of P^. 

Finally, we study in detail the case when X and Y are curves. It turns out that in this case 
a lot of stability conditions on D'^^^X) are obtained by gluing. In Theorem 16.61 we describe an 
open simply connected subset U of the stability space consisting of the stability conditions that 
are "not too far" from the standard one (similar to the Mumford's stability for nonequivariant 
sheaves). We show that U is the universal covering of the corresponding open subset of central 
charges, where the group of deck transformations is Z. In the case when genus of y is > 1 we 
describe the stability space of P^jl^) completely and show that it is contractible (see section 
[7]). Namely, we construct an isomorphism of the stability space with an explicit open subset of 
X C'^, where n is the number of ramification points of X ^ Y, and S is a certain simply 
connected Riemann surface of parabolic type (so S is isomorphic to C). This surface S naturally 
appears as follows: we prove that if p G X is a ramification point then a stability condition 
on Vz2{X) restricts to a stability condition on the subcategory Vp of objects supported at p 
(provided g{Y) > 1). The stability space corresponding to T>p has form S x C, where the central 
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charge of is given by exponentiating the projection to the second factor C. In the case 
when y = the stabihty space seems to be more comphcated due to the presence of additional 
exceptional objects in Vi^{X). We show in this case that our open subset U contains a dense 
open subset consisting of stabilities constructed from exceptional collections (see Proposition 

EH. 

Notation. For subcategories ^i, . . . in a triangulated category V we denote by [^i, . . . ,An] 
(resp., {Ai, . . . ,An)) the extension-closed full subcategory (resp., triangulated subcategory) in 
P generated by the AiS. We work with algebraic varieties over a fixed algebraically closed field 
k. For a smooth projective variety X we denote by T){X) the bounded derived category of 
coherent sheaves on X. For a complex number z we denote by "^z and "^z its real and imaginary 
part, and we call (l){z) := (argz)/7r the phase of z. 



1. Reasonable stability conditions 

Throughout this section V denotes a triangulated category. Let us briefly recall basic def- 
initions and results concerning local finite stability conditions on D, referring to Bridgeland's 
original paper [4] for details. 

By definition, a stability condition a is given by a pair (Z,P), where Z : KqID) — )• C is a 
homomorphism from the Grothendieck group Kq{'D) of P, and P is a slicing. Such a slicing 
is given by a collection of subcategories P{(j)) of semistable objects of phase (p for each E R, 
where Bom{P{(pi), P{(j)2)) = for 0i > </.2, and = P(0 + 1). For an object E G P{^) 

we will use the notation <I){E) = <p. Similarly to the case of vector bundles, for each object E 
of D there should exist a Harder- Narasimhan filtration (HN-filtration), i.e., a collection of exact 
triangles building E from the semistable factors Ei, . . . , En (called the HN- factors of E), where 
4>{Ei) > . . . > (j){En) {El — )• E' is an analog of the subbundle of maximal phase, etc.). For each 
interval / C M we denote by PI C T) the extension-closed subcategory generated by all the 
subcategories P{(j)) for cp £ I. For example, P(0, 1] denotes the subcategory corresponding to 
the interval (0, 1]. 

If (T = {Z, P) is a stabiity condition then P(0, 1] is a heart of a bounded nondegenerate t- 
structure on V with D-^ = P(0, +oo) and D-^ = P(— oo, 1]. We will often refer to the abelian 
subcategory P{0, 1] C P as the heart of a. By Proposition 5.3 of [4J, to give a stability condition 
is the same as to give an abelian subcategory H dT) (which should be the heart of a bounded 
nondegenerate t-structure) , together with a homomorphism Z : Kq{H) — )• C such that for every 
nonzero object E £ H one has either QZ{E) > or Z{E) € M<o. These data should satisfy the 
Harder-Narasimhan property, i.e., once we define (semi) stability for objects in H using the slopes 
associated with the function Z, then every object of H should be equipped with an analog of the 
Harder-Narasimhan filtration. Checking the Harder-Narasimhan property is often an important 
ingredient in constructing stability conditions (see section [3] for examples). 

A stability condition a = {Z, P) is called locally finite if there exists rj > such that for 
every (/> G M the quasi-abelian category P{(p — r],(f) + rf) is of finite length. The space of all 
locally finite stability conditions on T) is denoted Stab(P). It can be equipped with a natural 
topology defined as follows (see section 6 of [4|). For a = {Z,P) £ Stab(P) we define a function 
II • II, : Hom(i^o(2?),C) ^ [0,+oo] by 

\\U\\.= sup 
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The basis of open neighborhoods of a locally finite stability condition a = {Z, P) in Stab(P) 
consists of open subsets 

B,{a) = {T = {U,Q) : - Z||, < sin(7re), Q) < e}, 

where d{P, Q) is a natural generalized metric on the set of slicings given by 

d{P, Q) = inf{e € M>o : (3(0) (lP[cp-e,^ + e] for aU </> € M}. 

Theorem 7.1 of [1] states that for a given locally finite stability condition a = {Z,P) there 
exists an eo > such that if < e < eo then every central charge Z' £ I{om{KQ{'D),C) with 
\\Z' — Z\\fj < sin(7re) lifts to an element of B^(a). Let us set 

:= {U £ Hom(i^o(^?),C) : \\U\\„ < oo}. 

The linear subspaces C Hom(i^o(^^), C) do not change as a varies over a connected com- 
ponent C of Stab(P). Furthermore, the natural projection C — )• Wa is a local homeomorphism 
(see Theorem 1.2 of [4J) 

In the case when D is of finite type over a field one can consider the numerical Grothendieck 
group MiT)) which is the quotient of Kq(T)) by the kernel of the Euler bilinear form on Kq{'D) 
(see [1], 1.3). A stability condition is called numerical if the corresponding central charge 
factors through M{T>). We denote by Stahj^iV) the space of numerical locally finite stability 
conditions on T). The above theorem on the structure of Stab(P) implies that in a neighborhood 
of (T G Stab;\^(P) the space Stab^(2?) is modeled on the linear space = W^nHom(AA(P),C). 
A numerical stability condition a is called full if = Hom(AA(P), C) (see [5]). 

The space Stab(P) (resp., Stab;v^(P)) is equipped with a canonical action of the group 

GL^(M), which is a universal covering of the group of 2 x 2-matrices over M with positive 
determinant. For a real number a let us denote by Ra ■ Stab(P) — )• Stab(P) the operation of 

shifting the phase by a which is part of this GL^(M)-action. More explicitly, for a = {Z, P) one 
has Ra(T = {r^T^a ° Z, P'), where P'{t) = P{t + a), r_,ra is the rotation in C = through the 
angle —ira. We refer to the transformations Ra as rotations. 
Definition. A stability condition a = {Z, P) on P is called reasonable if 

inf \Z{E)\ > 

E semistable,i?5!^0 

where E runs over all nonzero cr-semistable objects. 

Lemma 1.1. Let a = {Z,P) be a stability condition on T>. 

(1) If a is reasonable then for every < rj < I one has 

inf \Z{E)\ > 0; 

tm,EeP{t,t+ri)\0 

(2) cr is reasonable if and only if for every t and every < ry < 1 the point is an isolated 
point of Z{P{t, t + r/)); 

(3) If a is reasonable then every category P{t,t + r]) for < r] < 1 is of finite length, hence, 
a is locally finite; 

(4) // the image of Z in C is discrete then a is reasonable. 

Proof. (1) Let 

c= inf |Z(^)|>0. 

E semistable,i?5!^0 
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Given an object E G P(t, t + rj) let Ei be the HN-factors of E. Then ah numbers Z{Ei) (and 
Z{E)) he in the cone C{t,t + i]) of complex numbers with phases between t and t + rj. Let 
/i : C — )• M denote the scalar product with the unit vector of phase t + ri/2. Then we have 
cos(7r77/2)|2;| < h{z) < \z\ for all z G C{t,t + ri). Hence, 

\Z{E)\ > h{Z{E)) = ^h{Z{Ei)) > cos(7r7?/2)c. 

i 

(2) The "only if part follows from (1). Conversely, assuming that is an isolated point of 
Z(P(0,3/4)) and of Z(P(l/2, 5/4)) we see that there is a universal lower bound for |Z(i?)|, 
where E is semistable of the phase in (0, 1]. This implies that a is reasonable. 

(3) This is similar to Lemma 4.4 of [5]. The point is that if /i : C — )• i? denotes the scalar product 
with the unit vector of phase t -\- rj/2 then h(A) > c > for a fixed constant c, where ^ is a 
nonzero object of P{t,t + ry). Since h is an additive function with respect to strict short exact 
sequences, the assertion follows. 

(4) This is clear. □ 

Proposition 1.2. Let S 6e a connected component of Stab(P) containing some reasonable 
stability condition. Then every a £ Ti is reasonable. 

Proof. Let a = {Z,P), a' = {Z',P') be points of S. Assume first that a' is reasonable, and 
a' £ B^{a), where e < 1/4. Then for every a-semistable object E of phase t we have \Z'{E) — 
Z{E)\ < sm{-ire)\Z{E)\ and E £ P'{t — e,t + e). Hence, by Lemma [TTTT l). there exists a constant 
c > independent of E such that |Z'(£')| > c. Therefore, 

\Z{E)\ > (1 + sin(7re))-i|Z'(^)| > (1 + sin(7re))-^c, 

so a is reasonable. This shows that the set of reasonable stabilities is closed. Conversely, assume 
that a is reasonable and a' S B^{a), where e is sufficiently small. Given a cr'-semistable object 
E of phase t we have E £ P{t — e, i + e). Let {Ei) be the HN-factors of E with respect to a. 
Then Ei £ P{t - e,t + e) C P'{t - 2e,t + 2e). Let us denote by /i : C M the scalar product 
with the unit vector of phase t. Then 

\Z'{E)\ = h{Z'{E)) = Y,h{Z'{Ei)) >\Y.\Z'{Ei)\ 

i i 

provided e is small enough. But \Z'(Ei)\ > (1 — sin(7re))|Z(£'i)| which is bounded below by a 
positive constant depending only on e. Hence, a' is reasonable, so the set of reasonable stabilities 
is open. □ 

Corollary 1.3. IfT, C Stab(P) is a connected component containing some stability condition 
such that the corresponding central charge has discrete image, then every a £ Ti is reasonable. 

Note that this Corollary implies that all (locally finite) stability conditions constructed in [2], 
[1], [5] and [TTj are reasonable. 

2. Gluing construction 

The general gluing construction for t-structures was invented in [3j. We start by stating a 
particular case of this construction (see section 3.1 of |15] for a related construction). Let 2? be a 
triangulated category equipped with a semiorthogonal decomposition T> = (2?i,2?2)- Note that 
for E £ T> the objects Ei £ T>i and E2 £ T>2 from the exact triangle (jO.ip depend functorially 
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on E. Namely, E2 = P2{E), where p2 is the right adjoint functor to the inclusion D2 ~^ ^1 and 
El = Xi{E), where Ai is the left adjoint functor to the inclusion Di — t- D. 

Lemma 2.1. Assume we have a semiorthogonal decomposition T> = {'Di,T>2) and t-structures 
{V^^ jVf-^) with the hearts Hi on (where i = 1,2), such that }iom^^{Hi, H2) = 0. Then 
there is a t-structure on T> with the heart 

(2.1) H = {XeV\ Xi{X)eHi,p2{X)GH2}. 

With respect to this t-structure on D the functors Xi : D — )■ Pi and p2 : T) ^ T)2 are t-exact. 

Proof. Set Pl'*'^] = {X £ V\\ Xi{X) G V^^'^\ p2{X) E pf'^'}. First, we have to check that 
Hom(P^°,P^i) = 0. Note that our orthogonality assumption for the hearts is equivalent to 

(2.2) Homi,(Pf°,2?|°) = 0. 

Now given X £ V-^ and Y £ V-^, the canonical exact triangles for X and Y show that it is 
enough to check the vanishings 

Rom{p2{X),p2iY)) = Rom{p2{X),XiiY))=Rom{Xi{X),p2{Y)) = Rom{XiiX),X2{Y)) = ^ 

The first and the fourth groups vanish since we start with t-structures on Di and 1)2 ■ The 
second group vanishes by semiorthogonality, and the third — by (|2.2p . 
Next, let us check that for every E £ D there exists an exact triangle 

E ^ A[l] 

with A £ V-^ and B £ T>-^. Consider the canonical triangle (jO.ip . We are going to construct A 
and B in such a way that A (resp., B) will be an extension of t^qEi by t^qE2 (resp., of Ty^Ei 
^£^2)5 where and denote the truncation functors on Vi and V2, respectively. First, 
applying the octahedron axiom to the exact triangles E2 ^ E ^ Ei ^ . . . and t^qEi — )■ -Ei — >• 
T^iEi — )• ... we construct an exact triangle 

A^ E ^ T^^Ei ^ 

where A is an extension of t^qEi by E2. Next, consider the exact triangle 

r|o£2 E2-^ tI^E2 .... 

The condition (|2.2p implies that Hom^(r^Q£'i, t^^E2) = 0. Hence, there exists an exact triangle 

A ^A^tIiE2 ^ 

where A is an extension of t^qEi by t^qE2. Applying the octahedron axiom once more we 
deduce the required statement. □ 

Note that in the situation of the above Lemma we have Hi C H and H2 C H. Furthermore, 
every object E £ H fits into an exact sequence in H 

(2.3) ^ p2{E) ^ E ^ Xi{E) ^ 0, 
where P2{E) £ H2 and Xi{E) £ Hi. Therefore, we also have 

(2.4) H = {H2,Hi), 

and {H2,Hi) is a torsion pair in H (see [10] for the definition and basic properties of torsion 
pairs). 



Assume now that the hearts Hi and H2 are equipped with stabiUty functions Zi : Ko^Hi) — t- C. 
Then the formula 

(2.5) Z{X) = Zi(Ai(X)) + Z2ip2{X)) 

defines a stabiHty function on the glued heart H. 

Definition. Suppose we have stability conditions cJi = {Zi, Pi) on Di and cr2 = {^2, P2) on T)2, 
such that the corresponding hearts Hi = Pi(0, 1] and H2 = -P2(0, 1] satisfy Hom^ [Hi, H2) = 0. 
Then we say that a stability condition a = {Z, P) on D is glued from ai and a"2 if Z is given by 
(i23]l . and the heart H = P{0, 1] is given by (f2T]) (or equivalently, by (fj^ ). 

Note that this glued stability condition is uniquely determined by o"i and 0-2 • It exists if and 
only if the Harder-Narasimhan property for the stability function Z on the glued heart H is 
satisfied. We have the following easy properties of glued stability conditions. 

Proposition 2.2. (1) A stability condition a = {Z,P) on T> is glued from ai = {Zi,Pi) on 
T>i and (T2 = (^2,^2) on T>2 if o-nd only if Zi = Z\x)- for i = 1,2, Hom.-^ {Hi, H2) = 
and HiCH fori = 1, 2, where H = P(0, 1], Hi = p/(0, 1]. 

(2) Let a be a stability condition on T> with the central charge Z and the heart H . Assume 
that H is glued from the hearts Hi C Pi and H2 C 1^2, where Hom.-^ {Hi, H2) = 0, so 
that (j2.1j) holds. Then for i = 1,2 there exists a stability condition ai on Pj with the 
heart Hi and the central charge Zi = Z\x)^, so that a is glued from ai and 02- 

(3) If a = {Z,P) is glued from ai = {Zi,Pi) and 02 = (^2,^2) then for every G M one 
has Pi{(p) C P{(j)) and ^2(0) C P{(p). 

Proof. (1) Let us observe that for every E £ D one has the equality [E] = [p2{E)] + [Ai(i?)] in 
Kq{T>), so the definition (|2.5p is equivalent to the condition Zlxi^ = Zi for i = 1,2. It remains 
to note also that the embeddings Hi,H2 C H imply that {Hi,H2) C H. Since both are hearts 
of nondegenerate t-structures this is equivalent to the equality (|2.4p . 

(2) The subcategory Hi C H (resp., H2 C H) is exactly the kernel of the exact functor p2 ■ 
H ^ H2 (resp., Xi : H ^ Hi). It follows that these subcategories are closed under passing to 
subobjects and quotient-objects in H. This easily implies that the Harder-Narasimhan property 
holds for Z\Hi on Hi, i = 1,2, so we obtain the stability conditions on T>i and D2- The fact that 
a is glued from these stabilities follows from definition. 

(3) It is enough to check this in the case when (p £ (0, 1]. Then this follows immediately from 
the fact that Hi and H2 are stable under subobjects and quotient-objects in H. □ 

In the case of semiorthogonal decompositions associated with a full exceptional collection 
{El, . . . , En) the above gluing procedure was considered by Macri in [11]. Namely, we can 
consider the semiorthogonal decomposition V = {{Ei) , . . . , (En)) , and equip (Ei) with the t- 
structure for which Ei belongs to the heart. Then our orthogonality condition on the hearts 
reduces to the condition that the collection is Ext-exceptional, i.e., Hom-''(£'i, Ej) = for i < j, 
and the glued heart is H = [Ei, ■ ■ ■ , En]- We say that a stability condition a = {Z, P) on V is 
glued from an 'Ext-exceptional collection {Ei, ■ ■ ■ , En) if P{0, 1] = H. Note that in this case the 
Harder-Narasimhan property is automatically satisfied for any stability function on H. We will 
generalize this in Proposition 13. 5i 
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3. Harder-Narasimhan property and gluing of stability conditions 

In this section we show how to check the Harder-Narasimhan property for the glued stabiHty 
function under different sets of additional assumptions. 

We start with the following basic criterion which is a slight generalization of Proposition 2.4 
of H] (the proof is the same as in loc. cit., using properties of quasi-abelian categories). Recall 
that denotes the phase of z G C. 

Proposition 3.1. Suppose A is a quasi-abelian category with a stability function Z : Kq{A) — ?• 
C. Assume that for a pair of Z-semistable objects E,F £ A such that (j){E) > 4>{F) one always 
has Hom_4(£J, = 0, where we denote (j){E) := (j){Z{E)). Assume also that the following chain 
conditions are satisfied: 

(1) there are no infinite sequences of strict monomorphisms in A 

• • • C Ej+i C Ej C ■ ■ ■ C E2 C El 

with (f)[Ejj^i) > 4>{Ej) for all j, 

(2) there are no infinite sequences of strict epimorphisms in A 

El E2 ^ ■ ■ ■ ^ Ej ^ -^j+i ■ ■ ■ 
with (piEj) > (j){Ej^i) for all j. 
Then Z has the Harder-Narasimhan property on A. 

Quasi-abelian categories often arise as follows. Consider an abelian category A equipped with 
a torsion pair {T,J-). The both T and J- are quasi-abelian categories. Indeed, this follows from 
Lemma 1.2.34 of |16) . using the tilted abelian category A^. For example, to check that T is 
quasi-abelian we use the fact that the embedding of T into A is stable under quotients, while 
the embedding of T into A^ is stable under subobjects. 

Lemma 3.2. Let A be an abelian category equipped with a torsion pair {T,J-)- Suppose Z is 
a stability function on A such that for any nonzero T £ T and F £ T one has <I){T) > (j){F) 
(where as before we set (t){F) := (p(Z(F))). Let Z\j- and Z\jr be the stability functions on the 
exact categories T and T induced by Z. Then every Z\'j-semistable object of T (resp., Z\jr- 
semistable object of J-) is Z-semistable as an object of A. 

Proof. We consider only the case of a Z|7--semistable object T £ T (the second case is similar). 
Suppose T is not Z-semistable as an object of A. Then there exists a subobject A C T such 
that (j){A) > (/>(T). Consider the canonical exact sequence 

(3.1) ^ r(^) ^A^ F{A) 

with r(^) G T, F{A) G T. By the assumption either (j){T{A)) > (j){F{A)) or one of the objects 
T{A), F{A) is zero. Note that T{A) 7^ 0, since otherwise A would be an object of F, so the 
inequality (piA) > ^(T) would be impossible. It follows that (j){T{A)) > (j){A) > (j)(T). Thus, we 
found a destabilizing subobject T(A) C T (the quotient is automatically in T since T is always 
closed under quotients). □ 

Proposition 3.3. Keep the assumptions of Lemma \3.S\ . Assume that both (7~, Z\q-) and (J^, Z\jr) 
satisfy chain conditions (1) and (2) from Proposition \3.1\ Then Z has the Harder-Narasimhan 
property on A. 
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Proof. Suppose we have a pair of Z|7--semistable objects E,F £ T such that (j){E) > 4>{F). 
Then by Lemma (j3.2p . E and F are still semistable viewed as objects of the abelian category 
A with the stability function Z. Hence, Hom(ii^, F) = 0. Therefore, by Proposition 13.11 the 
Harder-Narasimhan property holds for {T,Z\-f-). The same argument works for {J^,Z\jr). Now 
given an object E £ A we can sew together the HN-filtrations of the objects T{A) and F(A) 
from the canonical exact sequence (jS.ip . It remains to apply Lemma 13.21 again to see that we 
get a HN-filtration of E in this way. □ 

The following Lemma is a more precise version of Proposition 5.0.1 of 

Lemma 3.4. (a) Let Z be a stability function on an abelian category A. Assume that is an 
isolated point of'^Z(A) C K>o, and that the category Aq = {A S A \ '^Z(A) = 0} is Noetherian. 
Then Z satisfies the Harder-Narasimhan property on A if and only if A is Noetherian. 
(b) Let a = {Z,P) be a stability condition on D with Noetherian heart P(0, 1]. Assume that 
is an isolated point of 3'Z(P(0, 1)) C M>o. Then the category P{0, 1) is of finite length. Also, a 
is reasonable if and only if is an isolated point o/Z(P(l)) C ffi<o- 

Proof, (a) Assume first that A is Noetherian. Then condition (2) of Proposition [3T] is automatic. 
To check condition (1) we observe that if £J — t- F is a destabilizing inclusion in A then 'isZ{E) < 
QZ{F). Indeed, we have either QZ{F/E) > or RZ{F/E) < 0. But in the latter case the phase 
of Z{E) would be smaller than that of Z{F). Thus, if we have a chain 

(3.2) • • • C Ej+i C Ej C ■■■ C E2C El 

of destabilizing inclusions in A then the sequence (QZ(Ej)) is strictly decreasing. But this 
implies that QZ(Ej/Ej^i) tends to which is a contradiction. Conversely, assume Z satisfies 
the Harder-Narasimhan property. To check that A is Noetherian we have to check that every 
sequences of quotients in A 

(3.3) El ^ E2 ^ E^ ■ ■ ■ 

stabilizes. Note that in this situation the sequence {QZ{Ei)) is decreasing, so it has to stabilize. 
Without loss of generality we can assume that the sequence {QZ{Ei)) is constant. Then the 
kernel Ki of Ei — t- Ei belongs to ^o- Since Z satisfies the Harder-Narasimhan property, there 
exists a maximal subobject F G Ei such that F G Aq. Then the kernels Ki form an increasing 
chain of subobjects in F. Since ^0 is Noetherian, this sequence stabilizes, so the original sequence 
(Ei) also stabilizes. It remains to check that in this situation ^>o is Artinian. But a sequence 
of inclusions (|3.2p with QZ{Ej/Ej^i) > is impossible since QZ(Ej /Ej^i) would tend to zero, 
(b) To see that P(0, 1) is of finite length we observe that any increasing chain of admissible 
inclusions in ^(0, 1) stabilizes since A = P{0, 1] is Noetherian. Also, if we have a chain (j3.2p of 
admissible proper inclusions in P(0, 1) then the sequence QZ(Ej) is strictly decreasing, which is 
impossible. Under our assumptions |Z(£')| is bounded below by some positive constant, where 
E runs through nonzero semistable objects in P{0, 1). Thus, a is reasonable if and only if 

inf \Z(E)\ > 0. 
EeP(i)\o 

□ 

Proposition 3.5. Let (T>i,T>2) be a semiorthogonal decomposition of a triangulated category T>, 
and let ai = {Zi, Hi) and ct2 = {Z2,H2) be a pair of locally finite stability conditions on T>i and 
T>2, respectively. Assume that }iom^^ (Hi, H2) = 0, and let H be the heart in T) glued from Hi 
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and H2- As before, consider the stability function Z = ZiXi + Z2P2 on H . Assume in addition 
that one of the following two conditions hold: 

(a) is an isolated point ofQZi{Hi) C M>o for i = 1,2; 

(b) Rom^\H^,P2{0,l))=0. 

Then Z has the Harder- Narasimhan property on H. Furthermore, in case (a) the category 
P(0, 1) for the glued stability condition cr = {Z,P) is of finite length. In case (b) the stability 
condition a is locally finite. 

Proof. First, assume that (a) holds. Then it is easy to see that is an isolated point of '^Z{H) C 
M>o- Also, by Lemma 13.4( a). both categories Hi and H2 are Noetherian (the condition on ^0 
in this Lemma follows from the assumption that o"j's are locally finite). Using the exact functors 
Ai : — >• Hi and p2 ■ H ^ H2 we easily deduce that H is Noetherian. Now the assertion 
follows by applying Lemma 13.4( a) again. 

(b) In this case for every t £ (0, 1] let us define the subcategory P{t) C H hy 

P{t) ■.= {E£H\ Xi{E) e Piit),p2{E) G P2{t)}. 

Note that each object of P{t) is an extension of an object in P2{t) by an object in Pi{t). It is 
enough for every E € H to construct the HN-filtration with respect to this slicing. We start 
with the canonical extension 

0^E2^E^Ei^0 
where E2 = P2{E) G H2 and Ei = \i{E) G Hi. Consider also the canonical exact sequences 

Ai^ Ei^ Bi^Q 

with Ai G -Pi(l) and Bi G -Pi(0, 1) for i = 1,2. Since Hom^(£'i, B2) = by assumption, we get a 
splitting E ^ B2 which gives rise to an exact sequence 

A2^ E ^ B2® Ei^id 

Let E[l) d E he the preimage of Ai C Ei d B2 ® Ei. Then E{1) is an extension of Ai by 
A2, so £'(1) G -P(l). Also, E/E{1) ~ i?i © B2, so we get the required filtration by using the 
HN-filtrations on Bi and B2. The obtained glued stability has the property that Ai(P(a, 6)) C 
Pi{a,h) and p2{P{a,b)) C P2{a,b). This easily implies that it is locally finite. □ 

Remark. We do not know how to check local finiteness of the glued stability condition in 
Proposition 13.5( a) without imposing additional assumptions. 

If we work with reasonable stability conditions, we can prove the existence of the glued 
stability conditions under a slightly stronger orthogonality assumption. 

Theorem 3.6. Let (Pi,2?2) be a semiorthogonal decomposition of a triangulated category D. 
Suppose ((Ti,cr2) is a pair of reasonable stability conditions on Di and 'D2, respectively, with the 
slicings Pi and central charges Zi (i = 1,2), and let a be a real number in (0,1). Assume the 
following two conditions hold: 

(1) Hom|°(Pi(0,l],P2(0,l]) =0; 

(2) Hom|° (Pi (a, a + 1] , P2 (a, a + 1] ) = 0; 

Then there exists a stability a glued from ai and CJ2 . Furthermore, a is reasonable. 
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Proof of Theorem \3M Let H C V be the heart glued from Pi (0,1] and ^2(0, 1] and let 
(P-^jP-") denote the corresponding t-structure. Using the second condition we can construct 
a t-structure on D with the heart 

Ha = {Pi{a,a + l],P2{a,a + l]). 

One immediately checks that H C {Ha,Ha[-l]) and Ha C {H[1],H) = pt^^'^l Now for every 
E £ H consider the canonical triangle 

B ^ A[l] 

with A G Ha and B G 1]. We claim that A and B belong to H. Indeed, we have 

A £ Ha C P-°. On the other hand, A is an extension of E by B[-l] G Ha[-2], so A £ T>^°. 
Hence, A£ H. Similarly, B £ Ha[-1] C and also B £ V^^ as an extension of A[l] £ Ha[l] 
by E. Therefore, if we set 

P{f),a]={E £V\ Ai(S) GPi(0,a],p2(^) GP2(0,a]}, 

(3.4) P{a,l] = {E£V\ \i{E)£Pi{aMp2{E)£P2{a,l]}, 

then (P(a, 1], P(0, a]) is a torsion pair in H. Next, let Z be the glued central charge given by 
(f23D . Then we have (t){Z{E)) < a ioi E £ P(0,o], while (t){Z{E)) > a ioi E £ P(a,l]. Also, 
since ai and o"2 are reasonable, by Lemma [1.1( 3). the categories Pi(0,a] and P2(0, a] (resp., 
Pi(a, 1] and P2(a, 1]) are of finite length. This implies that both P(0, a] and P(a, 1] are also 
of finite length. Therefore, we can apply Proposition 13.31 to the torsion pair (P(o, 1], P(0, a]) 
in H to derive that the Harder-Narasimhan property holds for {Z,H). Hence, we have the 
corresponding stability condition a on D. It follows from the definition of P(0, a] and P(a, 1] 
that is an isolated point of Z(P(0, a]) and of Z{P{a, 1]). This immediately implies that a is 
reasonable. □ 

Remark. It may not be easy in general to determine for a particular pair of stabilities C7i,cr2 
with Hom^°(Pi(> 0),P2(< 1) = whether there exists a £ (0, 1) such that 

Hom|°(Pi(> a),P2(< a + 1) = 0. 
However, in the following two cases this is automatic. 

1. If there exists > such that P2{0,(j)] = {0} then any a £ {0,(j)] works, since in this case 
P2(< a + 1) = P2(< 1). For instance, this condition is satisfied when P2(0, 1] is of finite length 
and has finite number of simple objects. 

2. If there exists (j) < 1 such that Pi{(p, 1] = {0} then any a £ {(p, 1] works, since in this case 
Pi(> —a) = Pi(> 0). For example, this condition holds when Pi(0, 1] is of finite length with 
finite number of simple objects and Pi(l) = {0}. 

4. Continuity of gluing 

Let us recall the following basic result. 

Lemma 4.1. (Lemma 6.4 of @] j Suppose a = {Z, P) and r = {Z, Q) are stability conditions on 
D with the same central charge Z. Suppose also that d{P,Q) < 1. Then a = t. 

We start with the observation that the condition d(P, Q) < \ \n the above Lemma can be 
weakened and use this to give a nice criterion for determining when two stability conditions are 
close (part (b) of the following Proposition). 
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Proposition 4.2. Let ai = {Zi,Pi) and 02 = (^21^2) stability conditions on T). 

(a) Assume that 

(1) Zi = Z2 and 

(2) Pi(0,l] CP2(-1,2]. 
Then ai = (J2- 

(h) Assume that cji is locally finite. There exists eg > such that if for some < e < eo one has 

(1) 11^1 — ^2||(Ti < sin(7re) and 

(2) P2(0,l] cPi(-l + e,2-e], 
then (T2 G B^{ai). 

Proof, (a) First, using properties of t-structures we can easily deduce tliat -P2(0, 1] C Pi(— 1,2]. 
Now given E G Pi(0, 1], there is an exact triangle 

E^G^F[l] 

with F e P2(l,2] and G G P2{-1, 1]. Observe that F G Pi(> 0) and G G Pi{< 2). Since F is 
an extension of E by G[— 1], we derive that F G Pi{0, 1]. But the intersection Pi(0, 1] n ^2(1, 2] 
is trivial (since Zi = Z2), so F = 0. This proves that E G P2(— 1, !]• 
Next, consider an exact triangle 

F ^ E ^ G ^ F[l] 

with F £ P2(0, 1] and G £ P2(-l,0]. Observe that F G Pi(> -1) and G G Pi(< 1]. Since G is 
an extension of P[l] by E, we get G G P2(-l,0] n Pi(0, 1] = {0}. Therefore, Pi(0, 1] C P2(0, 1]. 
Since these are both hearts of bounded t-structures, they have to be equal, so ai = (72- 

(b) Let o = {Z2, P) be the unique stability in B^{ai) lifting the central charge Z2 — it exists by 
our assumption that \\Z2 — Zi\\^j^ < sin(7re) (using Theorem 7.1 of [4J). Then 

P2(0, 1] C Pi(-1 + e, 2 - e] C P(-l, 2]. 

By part (a), this implies that a = a2- O 

Now we can show that the gluing construction of Theorem 13.61 is continuous. 

Theorem 4.3. Let (T>i,T>2) be a semiorthogonal decomposition in a triangulated category T>. 
For a real number a G (0, 1) let S{a) C Stab(2?i) x Stab(!D2) denote the subset of (o-i,cj2) such 
that 0"! and (T2 are reasonable stability conditions satisfying 

(1) Hom|°(Pi(0,l],P2(0,l]) =0, 

(2) Hom|°(Pi(a,a + l],P2(a,a + l]) = 0. 

Let gl : S{a) — )• Stab(P) be the map associating to (cri,(T2) the corresponding glued stability 
condition a on T> (see Theorem \3. 6\) . Then the map gl is continuous on S{a). 

Proof. Let cxj = {Zi,Pi), a[ = {Z[,P[) be stabilities on Vi for i = 1,2, such that {01,02) and 
(cT^, (T2) are points of S{a), and let us denote by a = (Z, P) and a' = (Z', P') the corresponding 
glued stability conditions. Assume that a[ G Bs{(Ji) for i = 1, 2. Then for e > 5 we have 

P(0,1] = (Pi(0,l],P2(0,l]) C (P^(-e,l + e],P^(-e,l + e]) 

C P'(-e,l + e]. 

Thus, we can deduce the required continuity from Proposition 14.2( b). once we show that \\Z — 
Z'Wa- < sin(7re) provided 5 is small enough. Let (p G (0, 1] and E G P{<p)- We have to prove that 

\Z[E) - Z'{E)\ < \Z{E)\ sin(7re). 
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Assume first that (j) G (a, 1]. Let /i : C — )• M denote the scalar product with the unit vector of 
phase Then there exists a positive constant c (depending only on a) such that 

h{z) < |z| < c • h{z), 

for all nonzero complex numbers z with phase 9, where a < 9 < 1. 

Let -Fi, • • • , -Fn (resp., Gi, • • • , Gm) be the HN-factors of Ai(£') (resp., P2{E)) with respect to 
0"! (resp., (T2). Then we have 

\Z{E)-Z'{E)\ < \Zi{\iE)-Z[{\iE)\ + \Z2{p2E)-Z'^{p2E)\ 

n m 

< - Z',{Fi)\ + ^ \Z2{G,) - Z'^{G,)\ 

i=i 3=1 



El 

i=i j=i 



Recall that by (|3.4p . we have Ai(£') G Pi(a, 1] and P2{E) G P2(o>l]- Hence, all the numbers 
Zi[Fi) and Z2{Gj) have phases between a and 1, so we derive 

\Z{E) - Z'{E)\ < csin(^5)Er=i h{Z,{F,)) + Y.J=, M^2(G',-))] 
= csin{TT5)h{Z{E)) < csm{7r6)\Z{E)\. 

So 5 must be chosen to satisfy the relation csin(7r(5) < sin(7re). A similar argument covers the 
case of objects F G -P(0, a] and imposes a second condition that c' sin(7r5) < sin(7re) for some 
positive constant c', depending only on a. Given 6 satisfying both conditions, it follows that 

\\Z — Z'Wa- < sin(7re). 

□ 

The following Corollary describes an open subset of pairs of stabilities that can be glued, 
obtained by imposing a stronger orthogonality assumption on ((Ti,0"2). 

Corollary 4.4. Let U C Stab(2?i) x Stab(P2) denote the set of pairs of reasonable stabilities 
(o"! = (Zi, Pi) and 02 = {Z2, P2)) such that for some e > one has 

Hom|°(Pi(-e,l],P2(0,l + e)) = 0. 

Then U is open and the gluing map gl : [/ — )• Stab(P) is continuous. 

Proof. Note that our assumption on ((Ti,ct2) is equivalent to 

Homp(Pi(-e,+oo),P2(-oo,l + e)) =0. 

For each e > let us denote by the set of pairs (cri,cr2) satisfying this condition. Note 
that U = Ue>oT'e. Now to check that U is open suppose we have ((Ti,(T2) G Te. Given a pair 
{a[ = {Z[,P[),a'2 = (Z2,P2)), such that cj- G Bs{ai), for i = 1,2, where < 6 < e, we have 
P{(> -e + 5) C Pi(> -e) and P^(< 1 + e - 5) C Pi(< 1 + e). Hence, (ci'i, a^) belongs to T^_s. 
It remains to apply Theorem 14.31 □ 

On the other hand, in the situation when Pi is generated by an exceptional object, we have 
the following result that will be used later. 
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Corollary 4.5. Let {1)1,1)2) be a semiorthogonal decomposition in a triangulated category D. 

(i) Assume that Vi is generated by an exceptional object Ei, and H2 0^)2 is a heart of some 
bounded t-structure on 'D2, such that Hom^^^(£'i, 7/2) = 0. Let S2 C Stab(P2) denote the 
set of reasonable stability conditions a2 = {Z,P) with P(0, 1] = H2- On the other hand, let 
Ri C Stab(Pi) denote the set of stability conditions such that the phase of Ei is < 0. Then 
there is continuous gluing map Ri x S2 ^ Stab(2?). 

(ii) Similarly, assume that D2 is generated by an exceptional object E2, and Hi CDi is a heart 
of some bounded t-structure on 7)2, such that Hom^^^ {Hi, E2) = 0. Let Si C Stab(2?i) denote 
the set of reasonable stability conditions with the heart Hi, and let R2 C Stab(P2) denote the 
set of stability conditions such that the phase of E2 is > 1 . Then there is continuous gluing map 
Six R2^ Stab(P). 

Proof. We will only consider (i) since the proof of (ii) is analogous. Let Ri{e) C Stab(Pi) denote 
the set of stability conditions such that the phase of £Ji is < — e. It is enough to check that for 
every e > one has Ri{e) x S2 C S{1 - e), where S{1 - e) C Stab(Pi) x Stab(P2) is the subset 
considered in Theorem 14.31 for a = 1 — e. Note that Pi{0, 1] = {Ei[n]), where n is determined 
by the condition that the phase of Ei is in the interval {—n,—n + 1]. Hence, n > 1, so the 
condition Hom-'^(Pi(0, 1], H2) = is satisfied. Similarly, Pi{—e, 1 — e] = {Ei[m]), where m > 1. 
Hence, Hom-''(Pi(— e, 1 — e],P2{< 1)) = which implies the condition (2) of Theorem 14.31 for 
a = l-e. □ 

5. Semiorthogonal decompositions associated with double coverings 

Let vr : X — 7- y be a double covering of smooth projective varieties X and Y, ramified 
along a smooth divisor i? in y. Then we have an action of Z2 on X such that the nontrivial 
element acts by the corresponding involution t : X ^ X. Let us denote by Dz2{^) the 
corresponding bounded derived category of Z2-equivariant coherent sheaves on X. We denote by 

the nontrivial character of Z2. Note that r-invariant stability conditions on T>{X) correspond 
to stability conditions on Vz^ {X) that are invariant under the autoequivalence F 1— )• F O C (see 
|12) or |15j). Below we will show how to construct stability conditions on I)z2{X) starting from 
a pair of stability conditions on T>{Y) and on D{R), satisfying certain assumptions. 

Let us denote by i : i? — >• X (resp., j : R ^ Y) the closed embedding of the ramification divisor 
into X (resp., Y). For every sheaf F on i? we equip i*-F with the trivial Z2-equivariant structure. 
This gives a functor i^, : D{R) — t- T)j^.^{X). On the other hand, for a coherent sheaf F on y we 
have a natural Z2-equivariant structure on 'k*F, so we obtain a functor vr* : T){Y) — t- 2?22(X). 

Theorem 5.1. The functors i^ : V{R) Dz2{X) and vr* : I){Y) 'Dz2{X) are fully faithful. 
We have two canonical semiorthogonal decompositions ofT>'^^{X): 

Vz,{X) = {7T*V{Y),i,V{R)) = {C(^i,V{R),TT*V{Y)) 

Proof. The case where X and Y are curves was considered in Theorem 1.2 of [14J, and the 
proof in our case is very similar. The fact that vr* is fully faithful follows immediately from the 
equality (vr^.C'x)^^ = Oy and the projection formula. Similarly, to prove that is fully faithful 
it suffices to check {Li*i^F)^^ = F. We have a canonical exact triangle 

F (g) iV^[l] ^ Li*i^F ^ F ^ ... 

compatible with Z2-action, where N'^ = (Dx{—R)\r is the conormal bundle. It remains to 
observe that Z2 acts on N"^ by multiplication with —1. 
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Now let F G T^{y) and G G T^{R) be some objects. Then we have 



Homz2(^*(F),C®^*(G)) ~Hom2,(Li*F,C®G) =0 

which gives one of the required orthogonahty conditions. On the other hand, by Serre duahty, 
denoting d = dimX, we get 

Homz2(i*(G),7r*(F))* ~ Homz,(^*(F), » ~ }lom^,{Lj*F,i*uJx ®G[d]). 

Note that Z2 acts nontrivially on i*uJx — ® ^ so the above Horn-space vanishes. 

Finahy, we have to check that for every F G T)i^^{X) such that Y{oxni^{i^T){R),F) = or 
Homz2(F, C®i^JD{R)) = 0, lies in the essential image of vr* : V{Y) — ^ Vi2{X)- Note that by Serre 
duality, these two orthogonality conditions are equivalent. Assume that Homz2(F, (0i:^'D{R)) = 
0. Then Z2 acts trivially on i*F. Now the assertion follows from the main theorem of jl7j . □ 

We can use the above Theorem as a setup for gluing stability conditions. The situation seems 
to be especially nice when either T>{R) or ^^{Y) admits an exceptional collection (see Remark 
at the end of the previous section). The former possibiity occurs when X and Y are curves 
and will be considered below. The latter possibility happens if, say, 1" is a projective space. In 
particular, we derive the following result. 

Proposition 5.2. Let vr : X — t- be a smooth double covering ramified along a smooth hy- 
persurface j : R ^ P". Assume we are given a reasonable stability = {Z^,P^) on T){R), 
an Fixt- exceptional collection {Eq, . . . ,En) on P", and a set of vectors vq,. . . ,Vn in the upper 
half-plane such that j*Ei E P^{> 1) for i = 0, . . . ,n. Then there exists a reasonable stability 
a = {Z,P) on Vi^{X) with 

P(0,1] = [i,P^(0,l],7r*Fo,...,^*£^n], 

Z{E) = VoXo{RTT4E{R)f') + ...+ VnXn{R7T,{E{R)f') - Z^{(i*E Nf'), 

where xq, . . . ,x„ : Kq{¥'^) — t- Z are the coordinates dual to the basis {[Ei]). 

Proof. This stability is obtained by gluing with respect to the semiorthogonal decomposition 

(5.1) Vz,iX) = {7r*V{Y),i,V{R)). 

It exists by Theorem 13.61 where a < 1 should be taken bigger than all of the phases of the 
vectors Vi (see Remark after Theorem 13. 6p . To get the formula for the central charge we note 
that for E £ {X) one has 

P2{E) = i!-{Ef^ ~ {i*E®Nf^[-l], 



\i{E) = R^^{E{R)f\ 

n 

For example, if X — )• P^ is a double covering ramified along a smooth surface C P^ then 
we can consider stabilities on S constructed in [2]. Choosing an appropriate Ext-exceptional 
collection on P^ and using the above result we get examples of stabilities on 'Di^{X). 
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6. Double coverings of curves 



In section we will consider the case when X and Y are curves. In this case the ramification 
divisor R consists of points pi, . . . ,|?n; and the category T>{R) is generated by the orthogonal 
exceptional objects Op^, . . . , Op^. Recall that the category 'D{X) has a standard stability condi- 
tion ast with Zst = — deg+irk and PstiO, 1] = Coh(X). There is an induced stability condition 
on VziiX) with the heart Cohz2(^) that we still denote by ast (see [II]). 

Lemma 6.1. Let E he an endosimple object of the category T)i^{X) (i.e., Hom(£^,£^) = k). 
Then for some n £ 7^ the object E[n] is one of the following types: 

(1) a vector bundle; 

(2) the sheaf O^-^y^ for y G Y; 

(3) the sheaf C (8) C'2pj for some i £ {1, . . . ,n} ; 

(4) the sheaf Op^ for some i; 

(5) the sheaf C, ® Op^ for some i. 

Proof. The category Cohx2(^) has cohomological dimension 1, so every indecomposable object 
in 'Dz2iX) has only one nonzero cohomology. Thus, we can assume that ii^ is a Z2-equivariant 
coherent sheaf. Furthermore, since the torsion part of such a sheaf splits as a direct summand, 
it is enough to consider the case when E is an indecomposable torsion sheaf. Then the support 
of E is either 7r~^(y), where y £ Y \ R, or {pi} for some i S {1, . . . ,n}. In the former case 
E ~ TT*E' , where E' is an endosimple sheaf on Y supported at y, so E' ~ Oy. In the latter case 
there exists m such that E ~ Ompi or ~ (8) Ompi ■ It remains to observe that for m > 3 
the sheaf Ompi is not endosimple, since we can construct its nonscalar endomorphism as the 
composition of natural maps 

Oiripi ^ ^(m—2)pi ^ ^mpi ■ 

n 

We are going to construct explicitly some stability conditions on T>'£.^{X). For this we will use 
a slight variation of the semiorthogonal decompositions considered in Theorem 15.11 Namely, for 
every partition of {1, ... , n} into two disjoint subset / and J we have 

(6.1) v^,{x) = iiCc^Op^ I j e J),7T*v{Y),{Op^ I i e /)). 

For a subset / C {1, . . . , n} let us denote by T>{I) C Vz2{X) the full triangulated subcategory 
generated by 7r*'D{Y) and Op. with i e I. 

Lemma 6.2. For I C {!,... ,n} set Coh(/) := Cohz2(X) n Vil). Then Coh(/) is the heart of 
a t-structure on 'D{I). The natural exact functor Coh(/) — )• Coh22(X) gives an equivalence of 
Coh(/) with the full subcategory of Coh.x2iX) consisting of all successive extensions of sheaves in 
IT* Coh(y) and equivariant sheaves supported on {pi | i E /}. The category Coh(/) is Noetherian. 

Proof. Note that an object E G Pz2 i^) belongs to T>{I) if and only if Hom* {Op. ,E)=0 for each 
i ^ I. Since the category Coh.i2{X) has cohomological dimension 1, we have E ~ (BH'^E[—i], 
where H'^E G Cohz2{X). Therefore, E G V{I) if and only if WE G V{I) for every i. This 
immediately implies that the standard t-structure restricts to a t-structure on T>{I) with Coh(/) 
as the heart. We have an exact embedding Coh(/) — )• Coh22(^)) so Coh(/) is Noetherian. Let 
J- G Coh(/). Then the torsion part (resp., torsion- free part) of J- is also in Coh(/). Assume first 
that is an indecomposable torsion sheaf with the support at pi for i ^ I. Then the condition 
Hom*(C'p. , £^) = easily implies that E ~ 02npi- On the other hand, if is a vector bundle 

16 



then we have Hom(J^, ( (gi Op-) = for i ^ I, which imphes that the fiber of J- at pi has trivial 
Z2-action for i ^ I. Therefore, making appropriate elementary transformations at pi for i £ I 
we can represent T as an extension of a sheaf supported at {pi \ i £ 1} hy the pull-back of a 
vector bundle from Y (cf. proof of Theorem 1.8 of [15 )• D 

Given a partition of {1, ... , n} into three disjoint subsets I^, and /" we obtain from (j6.ip 
a semiorthogonal decomposition 

(6.2) V^,{X) = {{C^Op^ I ieI-),P(/0),(Op,,iG/+)). 

Proposition 6.3. Fix a partition {1, . . . , n} = U U and a collection of positive integers 
(ni) for i(^I^. 

(a) Let Z : M{Vz2{X)) C be a homomorphism, such that 

(1) QZ{Ox) > 0, and Z(C'^_i(y)) G M<o for any point y G Y; 

(2) Z{Op^[-ni]) G f)' for i £ 1+ , and Z(C0 Op,N) G \)' for i £ J- ; 

(3) Z(OpJ G M<o and Z(C ® OpJ G M<o /or i G 1°, 

where f)' C C denotes the union of the upper half-plane with M<o. T/ien t/iere exists a reasonable 
stability condition a with the central charge Z and the heart 

(6.3) H{I+,I-;n) = [[(^Op^[ni] | i G I"], Coh(lO), [OpJ-n^], i G /+]], 

which is glued with respect to the semiorthogonal decomposition (16. 2p . All the objects O^-i^^) 
for y £ Y are a-semistable (of phase I). The objects C'^-i(y) for y £ Y \ {pi \ i £ /"}, as well 
as Op^ for i £ I^U and ( O Op^ for i £ U I~ , are a -stable. 

(b) Assume in addition that ni = 1 for all i ^ . Then all the objects Op^ and C, Op^ for 
i £ {1, . . . ,n} are a-stable. 

Proof, (a) Using the orthogonalities 

Hom^^O(Coh(/0), Op^ [-n,]) = Hom^O(C ® Op^ [n,], Coh(/0)) = Hom^O(C ® Op^ [nj],Op^ [-n^]) 

for i £ , j £ I~ , we get the glued heart H = H(I^ , I~;n) given by (j6.3p . Note that the 
restriction of Z to M{'7t*'D{Y)) is determined by Z(Ox) and by Z(0^-i(y)) for a point y £ Y. 
Thus, QZ{7r*F) = crk(F) for some positive constant c. Since Coh(7*^) is generated by extensions 
from IT* Coh(y) and Op. and C ^ Op- for i G we deduce that Z is a stability function on H. 
It is also easy to see that is an isolated point of '^Z{H). Since H is glued from Noetherian 
hearts, it is also Noetherian, so Lemma 13.4( a) implies that the Harder-Narasimhan property is 
satisfied for Z. Thus, we have a stability condition a = {Z, P) with P{0, 1] = H. By Proposition 
I2.2r 2). it is glued from the induced stability on V{I^) and the exceptional objects C <X' Opjn,], 
i £ I~ and Op.[—ni], i £ The fact that a is reasonable follows from Lemma l3.4r b). Note 
that P(l) C H consists of successive extensions of sheaves of the form 0^-i(^y^, y £ Y, and of Op^ 
and C®Cpi for i £ I^. The simple objects in P(l) are the sheaves C'^-i(y), y £ Y\{pi \ i £ 
and Op- and C,0Op- for i £ I^, so all these objects are cr-stable. On the other hand. Proposition 
I2.2( iii) implies that the above exceptional objects in the heart corresponding to i G U are 
cj-stable. 

(b) Let us denote 

C+ := [Op^ |iG/+]cCohz,(X), 
:= [C(E)Op^ I iG/-] cCohz,(X). 
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From the definition of H one can easily deduce that for every object C £ H one has 

H-^C G C-; H^C G C+;H^C ~ ^ Fq ^ Fi), where Fq G Coh(/°),F_i G C',Fi G C+. 

The last condition easily implies that Hom(C^, i^'^C) = }iom{H^C,C^) = 0. 

Now let us fix i G and consider the object E = ( Op-. Note that C, Op. belongs to H, 
as an extension of ©2^^ by Op. [— 1]. Suppose we have a short exact sequence 

0-^ A-^ E B -^0 

in H with nonzero A and B. Since H'^A = H^'^B = 0, we derive that H^B = H^^A = and 
there is an exact sequence 

(6.4) ^ R-^B H^A ^ E ^ H^B H^A 

in Coh^jl^)- Note that since F is a simple object of Coh22(^) we have one of the following 
two cases: (i) H^B — t- H^A is an isomorphism; (ii) H^^B — t- H^A is an isomorphism. In the 
first case we obtain that H^B G which implies that H^B = 0. Hence, in this case B G C~[l], 
so ILom{E,B) = which is a contradiction. Now let us consider case (ii). We have H^A G C~ , 
hence H^A = 0. It follows that A = H^A[-1], and B = H^B is an extension oiH^A by E. Since 
HoTa{H^A,B) = 0, this extension cannot split on any direct summands of H^A, which implies 
that A ~ Op. [— 1] and B ~ 02pj. Since Z{Op-[—l]) has smaller phase then Z{E), this shows 
that C ^3 Op- is stable. Similarly one proves that all the objects Op- for i £ I~ are stable. □ 

In the case when all rij's are equal to 1, we denote the heart H{I^ , ,n) considered in the 
above Proposition simply by H{I^,I^). 

We have the following partial characterization of stability conditions constructed above. 

Lemma 6.4. Let a = {Z,P) be a stability condition such that O^-i(y) G -P(l) for ally £Y\R. 

(a) Assume that 02pi G -P(l) for all i, and for every i one of the following three conditions 
holds: 

(1) both Op. and ^ ^ Op- are a-semistable of phase 1; 

(2) Op- is a-semistable of phase > 1; 

(3) C ^5 C)pi is a-semistable of phase < 0. 

Assume in addition that for every line bundle L on Y one has tt*L G P(0, 1]. Then a coin- 
cides with one of the stability conditions constructed in Proposition \6.3l The latter condition is 
uniquely determined by Z and by the phases of Op- and ( Op. for i G {1, . . . , n}. 

(b) Now assume that a is locally finite, and for all i G {1, . . . ,n} one has Op. G P[l,2) and 
C Op. G P{0, 1]. Assume in addition that either all objects O^-i(j^) for y £ Y \ R are stable, 
or '^Z(V) > for every 'L2-equivariant vector bundle V . Then a coincides with one of stability 
conditions constructed in Proposition \6.3\ with I~ = 0, 

/+ = {i I 9Z(OpJ < 0}, 

and all Ui 's equal to 1 . 

Proof, (a) Let I^, and /~ be the subsets of i such that conditions (1), (2) and (3) hold, 
respectively. Note that since we have nonzero maps Op. — >• C'X'Op. [1], the conditions (2) and (3) 
(and therefore, the subsets I^, and /~) are mutually disjoint. For each i £ (resp., i G /~) 
there is a unique > such that 4'{OpJ—ni G (0, 1] (resp., (j){Op.)+ni G (0, 1]). Then Z satisfies 
the conditions of Proposition 16. 3^ so it remains to check that H = H{I^ ,1^; n) C P{0, !]• Note 
that by definition, we have O^-i(j^) G P{0,1] for all y £ Y; Op^X ® Op^ G P(l) for i G /°; 
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CpJ-"-?,] G ^(0,1] for i G 1+ and C ^ Op-[ni\ G P(0, 1] for i e I~ . It remains to show that 
TT*V G -P(0, 1] for every vector bundle V on Y. But such a vector bundle can be presented as 
an extension of line bundles, so this follows from our assumption. 

(b) It is enough the check that P{0, 1] C H = H{I~^,^) (where is the complement to I^). 
First, we observe that in this case all equivariant vector bundles are in H, as extensions of direct 
sums of sheaves of the form (8) Op. by a sheaf in vr* Coh(y). Let ii^ be a u-stable object in 
P(0,1). Note that E is endosimple. Let us consider possibilities for E listed in Lemma l6.1i 
Since Z{0^-i(^y-^) = Z{( (gi 02pJ G M<o and E G P(0, 1), we obtain that for some m G Z, E[m] 
is either a vector bundle, or isomorphic to Op. [— 1], or to C "SD Op.. In the last two cases our 
assumptions on a imply that m = 0, so E £ H. If E[m] is a vector bundle then using the 
condition E G P(0, 1) we get 

(6.5) Rom^-\E, = Rom^'{0-\y), E) = 0. 

This implies that m = 0, so E £ H . Next, let be a a-stable object in P{1). We can assume 
that E is not isomorphic to 0„-i(^y-j ior y £ Y \ R since these objects are in H. Assume that 
E[m] is a vector bundle. Note that this case cannot occur if '^Z{V) > for all equivariant 
vector bundles, so we can assume that the objects C'^-i(y) for y G Y \ R are stable. Then the 
vanishing (16. 5p still holds, so we deduce again that m = 0. The case when E[m] is either Op., 
or ^(8) Op. (where i G /") is also clear. Note that for i £ we have Op., C ^ Op^ G -P(l)- Hence, 
for such i the objects 02pi and C <S5 ^2pi are not o"-stable. Now assume that E[m] ~ 02pi, where 
i £ Since C'2pi S -P(0, 2) as an extension of Op. hy ( Op., this implies that m = 0, so 
E £ H. Finally, we observe that for i £ the object C <^ ^2pi is not semistable since it is an 
extension of C ® Op. by Op., where 0min(C ^ C>p.i) < 1 and (/>max(Opi) > 1- □ 

Note that the classes [Ox], ['^n-'^iy)], and [OpJ, i G {1, . . . ,n}, form a basis in A/'('Dz2(-^))- 
Thus, we can define a norm on the vector space IIom(AA(2?22 (^))) C) by setting 

||Z|| =max(|Z(C'x)|,max|Z(^)|), 

E 

where E runs over all endosimple torsion sheaves in Cohi.^{X) (see Lemma 16. ip . It is also 
convenient to set for Z £ }lom{M{'D^^{X)),C) 

vz := ^(0.-i(,)) G C. 

Let us define an open subset U C Hom(AA(I?22 (X)), C) as the set of central charges Z satisfying 
the following assumptions: 

(1) for every Z2-equivariant line bundle L on X one has det{Z(L),vz) > 0; 

(2) for every i = 1, . . . , n one has Z{OpJ M<o • vz, Z{C (g) Op^) ^ M<o • vz- 

Note that in the first condition it is enough to consider representatives in the cosets for the 
subgroup vr* Pic(y) C Pic^jl^)' so there is only finite number of inequalities to check (hence, 
U is open). Also, this condition implies that (iet{Z{y),vz) > for every equivariant vector 
bundle Von X, since they can be obtained from line bundles by successive extensions. 

Lemma 6.5. (1) Let Z : N{'Di,^{X)) C be a homomorphism such that QZ{Ox) > 0, 
Z(C'^-i(y)) G M<o, and for every i = l,...,n one has Z(Op.) ^ and ^Z{Op-) < 0. 
Then there exists a constant r > such that for every Z' £ IIom(AA(2?22 (^))) C) and 
every endosimple object E £ D^^^X) one has 

\Z'{E)\ <r-\\Z'\\ • \Z{E)\. 
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(2) The above conclusion also holds for Z £ U. 

Proof. (1) Our conditions on Z imply that Z{E) ^ for every endosimple torsion Z2-equi variant 
coherent sheaf E. Therefore, we can set 

ri = max(|Z(i?)|-i), 

where E runs over all endosimple torsion sheaves. If E is such a sheaf then < so 

the required inequality holds for E provided r > ri. Now assume that E is a Z2-equivariant 
vector bundle on X. Then there exists an exact sequence of the form 

^ Tr*E' ^ E^eiC0 O^/ 0, 

where < rrii < rk(£'). Then 

\Z'{E)\ < \Z'{7r*E')\+nrk{E) ■ \\Z'\\. 

Note that 

(6.6) [k*E'] = ME)[Ox] + deg(i?')[0.-(,)] 
in M {'Dx2[X)) . Thus, we obtain 

(6.7) \Z'(E)\ <\\Z'\\- [(n + l)rk(^) + deg(^')]- 
On the other hand, from the above exact sequence we get 

'^ZiE) = ^Zi'K^E') + ^ mi • 9Z(C ® Op,). 

i 

Since 3=Z(C O OpJ > and QZ{tt*E') = QZ{Ox) ■ rk{E), we deduce that 

^ ' - 3Z(0x) 

Also, from (|6.6p we get 

\deg{E')ZiO^-i^y))\ < \Zi7T*E')\+rkiE)\Z{Ox)\ < |Z(i^)| + (n + 1) rk(i^) • ||Z||. 
Using our estimate for rk(£') we get that 

deg{E') < |Z(0,-i(,))|-i • [1 + (n + 1) ^^^^'^^ ] • |Z(i?)|. 

Therefore, from (|6.7p we obtain 

\Z'iE)\<r2\\Z'\\.\Z{E)\, 

where 

It remains to set r = max(ri,r2). 

(2) The subset U C ilom(J\f(T>z2iX)),C) is stable under composition with rotations of C and 
with automorphisms of J\f{'Dz2iX)) given by tensoring with an equivariant line bundle L. Also, 
the norms 1 1 • 1 1 and Z' i— )• \ \Z'o ((g)L) 1 1 on the finite-dimensional vector space Iiom{J\f (T>Z2 (X) ) , C) 
are equivalent, while composing with a rotation of C does not change the norms. Therefore, we 
can modify Z using these operations before checking the required inequalities. Rotating Z we 
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can assume that vz S M<o- Next, let / C {1, . . . , n} be the set of i such that > 0. 

Taking L = 0{J2i£i Pi) we will have 



Recall that for every point a G Stabj\f{'D) a neighborhood of a in Stahj\f{T>) is homeomor- 
phic to a neighborhood of the corresponding central charge in the linear subspace C 
Hom(AA(P),C). A stability condition a is called full if = Hom(7^(P), C). The above 
Lemma implies that every stability condition with the central charge in the set U is full. 

Theorem 6.6. Let U C Stahj\f{'Dz2{X)) denote the set of locally finite stability conditions 
a = (Z, P) such that 

(1) C'^-i(y) is stable of phase (p^j for every y gY \ R; 

(2) Op-, C (8) Op- are semistable with the phases in {(pa- — l,(pa + 1) for all i = 1, . . . ,n. 

Then every point in U is obtained from one of the stability conditions described in Proposition 
16.51 with /~ = and all Ui = \ by the action of an element o/ M x Y'\ci2{X), where M acts 
on Siabj^f{T)z2{X)) by rotations (shifts of phases). The subset U is open in Stahj\f{T>z2{X)). 
The natural map U ^ U is a universal covering of U, and U = U j'L, where 1 G Z acts on the 
stability space by shifting phases by 2. Furthermore, U is contractible. 

Proof. Step 1. If o" = {Z,P) £ U then cr is obtained from one of the stability conditions 
described in Proposition 16.31 with I~ = (J) and all = 1 by the action of an element of M x 
Picz2{X). Indeed, by rotating a we can assume that (f>cr = 1. Now using tensoring with an 
appropriate equivariant line bundle we can assume that < for all i. It remains to 

apply Lemma l6.4l fbl. 

Note that this step implies that for a = {Z, P) £ U one has Z G U. 
Step 2. Let U' be the preimage of U in Stahj\f(Vz2{X)). Then the projection [/'—;■[/ is a 
covering map. This is checked exactly as in Proposition 8.3 of [5] using Lemma 16.5( b). 
Step 3. U is open in Stahj\f{'Dz2{X)). Let fio = {Zo,Pq) £ U. We have to prove that any 
stability a = {Z, P), sufficiently close to ctq, is still in U. Using rotations it is enough to consider 
the case when Z{0^-i(^y-^) G M<o. By Step 1 we can assume that uo is a stability arising in 
Proposition 16.31 with = and all rij's equal to 1. For a Z2-equivariant line bundle L and a 
stability condition a' = {Z' , P') we denote by o"' (8) L the stability condition with central charge 
E Z'{E (g) and the heart P'(0, 1] L. It is enough to check that a = a' ® L, where 
cr' is one of stability conditions from Proposition 16.31 (with I~ = and Ui = 1). Let us set 
L = Ox{Yliiei{+)Pi)-' '^here /(+) = {i \ ^Z{OpP) > 0}. We claim that the central charge 
Z'{E) := Z{E0 L) satisfies the assumptions of Proposition 16.31 with = {i \ QZ{OpJ 7^ 0}, 
/~ = and all = 1. Indeed, first, note that Z'{0^-i(^y-^) = Z{0^-i(^y-^) G M<o, and Z'{Ox) = 
Z{L) is in the upper-half plane, provided a is close enough to (Tq. Next, using the fact that 



one checks the remaining assumptions. Therefore, by Proposition 16. 3| there exists a stability 
condition a' with the central charge Z' and the heart H{I'^ , 0). Now we claim that a = a' ® L. 
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Therefore composing Z with tensoring by L we get the situation considered in (1). 
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Since the corresponding central charges are the same, by Proposition 14.2( a) . it remains to check 
that H ®LC. P(-l,2]. It is easy to see that 

H{I+, %)®L= [Ox(EiG/(+)Pi) ® ^* Coh(y), 

[C^Op^ \i^i{+)],[o,^ /(-)], 

(6.8) [C OpJ-1] I i G /(+)], [OpJ-1] I i G /(-)]], 

where /(-) = {i \ QZ{OpJ < 0}. Hence, 

F(/+,0)»Lcro:= [Po(0,l],[Op,,OpJ-l],C»OpJ-l] M = l,...,n]]. 

Furthermore, we have Op, G -Poll, 2) and C®C'p. G PoiO, !]• Hence, we have To C Po{—l + e,2 — e) 
for some e > depending only on fjo- Thus, for Pq) < e we obtain 

0) L C Po(-l + e, 2 - e) C P(-l, 2] 

as required. 

Step 4. U is closed in [/'. More precisely, we claim that U coincides with the set of o" G C/' 
such that C'^-i(j^) is semistable of phase ip^ for every y £ Y \ R, and for every i G {1, . . . ,n} 
the objects Op. and (8) Op, are semistable with the phases in [(p^^ — l,(pa + !]• (recall that 
the set of stability conditions such that a given object E is semistable is closed). Indeed, given 
such a = {Z,P), by rotating it and using tensoring with an equivariant line bundle we can 
assume that (pa- = 1, and QZ{OpJ < for all i. Note that the condition Z G U implies that the 
phase of Op- (resp., C (8) Op-) is in [1,2) (resp., in (0, 1]) for every i, and ^Z{V) > for every 
Z2-equivariant vector bundle V. Hence, by Lemma 16.4( b). a is obtained by the construction of 
Proposition 16.31 which implies that O^-i(j^) is stable for every y £ Y \ R. It remains to note 
that for a £ U' the phases of Z{Op.) and of Z{C (g) Op.) never equal (/>o- ± 1. 

Combining Steps 2, 3 and 4 we obtain that U ^ U is a covering map. 
Step 5. Assume o"i,(T2 G U have the same central charge Z. Then a2 is obtained from ai by a 
shift of phase in 2Z. Indeed, applying such a shift we can assume that (f)^-^ = 00-2- Furthermore, 
applying a rotation and tensoring with a line bundle, we reduce to the situation (pui = 1 and 
QZ{Op. ) < for all i. By Lemma 16.4( b). in this case the hearts of ai and a2 are the same. 
Step 6. It remains to show that U is contractible. We have a free action of M on [/ by the shift 
of phase, so it is enough to consider the section of this action consisting of o" € C/ with (pu = ^■ 
In other words, we have to consider the subset of U consisting of Z with vz = ZiO^-ij^y-^) G M<o. 
A homomorphism Z in this subset is determined by the following contractible data: 

(1) vz G M<o; 

(2) for every i G {1, . . . ,n}, Z(OpJ G C \ (M>o U [vz + i?<o)); 

(3) Z[Ox) in some half-plane of the form > c. 

□ 

Remark. In the next section we will study more closely the case g{Y) > 1. We will show that in 
this case the objects O^-i(j^) iov y £Y\R are automatically stable with respect to any stability 
on Vx2{X), and will describe the entire space Stdhj^{Vi^{X)). 

We conclude this section with one observation in the case where Y = . 

Proposition 6.7. Consider a stability a = {Z,P) G U, where U is as in Theorem \6.(A Assume 
that for every i = 1, . . . ,n the vectors Z{Op.) and Z(02pJ are linearly independent over M. 
Then some rotation of a is glued from an exceptional collection. 
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Proof. By Theorem l6.6l it is enough to check the same statement for a stabihty a arising from the 
construction of Proposition 16.61 with = {1, . . . , n}, /~ = /'^ = and = 1. We claim that in 
this situation for any sufficiently small a > the rotated stability R-aCr = (Z^, Pa) is glued from 
an exceptional collection. Indeed, if a is small enough then we still have 3'Za(Op-) < for all 
i = l,...,n. There is a unique N eZ such that QZa{Tr*0{N)) < and QZaiiT*0{N + 1)) > 0. 
Consider the following full Ext-exceptional collection on 'Dj^.^{X): 

(6.9) {7:*0{N)[l],7r*0{N + 1), Op, [-1], . . . , Op„ [-1]). 

There exists a glued stability condition with the heart generated by this exceptional collection 
and with the central charge Za- To see that RaC coincides with this stability condition, by 
Proposition 14.2( a). it is enough to check that all the objects of our exceptional collection lie in 
Pa(-1,2] = P(-l - a, 2 - a]. Recah that 

P(0,1] = [7r*Coh(pi),[C®Op,,OpJ-l] I z = l,...,n]] 

Thus, ah the objects of the collection i^M), except for 7r*C'(A^)[l], lie in P(0, 1] C P(-l-a, 2-a]. 
Note that by our assumptions, the phases of Op. [— 1] are in (0,1). Also, it is easy to see that 
■K*0{m) G P(0, 1) for every m G Z. The exact sequence 

^ 7r*0{m - 1) ^ 7:*0{m) O^-^y^ 

in P(0, 1] shows that (/)max(vr*C'(m - 1)) < (/)max(vr*C'(m)). 
Now let us consider the exact sequence 

^ F ^ TT*0{N) ^ G ^ 

in P(0, 1], where F is the maximal fi-destabilizing subobject in tt*0{N). The corresponding 
long exact cohomology sequence in Coh^j i-^) takes form 

^ ^ Tr*OiN) H^G H^F 0, 

so either H^F = or H^F is a line bundle. In the former case we have F = 1] G 

[Op.[— 1] I i = 1, . . . ,n]. In the latter case we have H^F ~ 7r*0(m)(— 'Ylj^jPj) some m ^"L 
and J C {1, . . . ,n}. Hence, in the derived category H^F can be viewed as an extension of 
■K*0{m) by ®j^jOp-[—l]. Therefore, the phase of F is bounded above by the maximum of the 
phases of Z{Op.[—l]), i = 1, . . . ,n and of Z['K*0{m)). Note that we have a nonzero map from 
7r*C(m)(— X^ILi '^Pi) — T^*0{m — n) to ■k*0{N), so m < N + n. By making a small enough we 
can assume that < 0, so in this case we deduce that Tr*0{N) G P{0,(j)), where (p < 1 is the 
maximum of the phases of Z{Op.[—l]), i = 1, . . . ,n and of Z['K*0{n)). If in addition a <1 — (j) 
then we get ■k*0{N)[1] G P(1, 2 - a] C P(-1 - a, 2 - a] as required. □ 

7. Classification of stability conditions in the case y 9^ 

First, let us formulate an abstract version of Lemma 7.2 of [9j. We say that an object E of 
an abelian (or triangulated category) is rigid if Hom^(ii^, E) = 0. 

Proposition 7.1. Let A he an abelian category of homological dimension 1, and let 

Y ^ E U X ^ Y[l\ 

he an exact triangle in D^{A) with E ^ A, such that Hom-'^(y, X) = 0. Then X = Xq © 
where Xq,Xi G A. Let /o : -E — >• Xq he the map induced hy f . Then 
(1) coker(/o) and Xi are rigid; 
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(2) Hom*(coker(/o),Xo) = Hom*(coker(/o), Xi) = 0; 

(3) Hom°(ker(/o),Xo) = 0, and the map ker(/o) — t- Xi[l\ induces an isomorphism 

HomO(Xi,Xi) ~ Homi(ker(/o),Xi). 

Proof. The first part of tlie proof of Lemma 7.2 in [9j gives tlie statement that X = Xg © Xi[l], 
and 

Hom^O(^0(y) ^ coker(/o)[-l],Xo © Xi[l]) = 0, 
whicli implies (2). Since Xq surjects onto coker(/o), the natural map 

Hom^(coker(/o),Xo) Hom^(coker(/o), coker(/o)) 
is surjective, so we deduce that coker(/o) is rigid. Next, we have an exact sequence 

^ Xi ^ H\Y) ^ ker(/o) ^ 

in A. Thus, the natural map 

Hom^(i7°(y),Xi) ^ Hom^(Xi,Xi) 
is surjective, and we obtain that Xi is rigid. Using the same exact sequence we get (3). □ 
Lemma 7.2. Assume g{Y) > 1. Then every rigid object in Co\ii^{X) is of the form 

i£l jeJ 

where / n J = 0. 

Proof. The fact that g{Y) > 1 implies that has a nowhere vanishing section. Hence, ujx has 
a Z2-invariant section vanishing only along R C X. Therefore, for F G Coh22(X) such that F 
is not supported on R we have 

Hom^(F,F)* ~ Hom(F,F©wx) / 0, 

so F cannot be rigid. Thus, any indecomposable rigid object should be supported at one of the 
ramification points. It is easy to check that the Z2-sheaf Ompi (resp., C© OmpJ is rigid only for 
m = 1. The assertion follows easily from this. □ 

Let us denote by Vp^ C 'Dz2 (X) the triangulated subcategory generated by equivariant sheaves 
supported on pi. 

Lemma 7.3. Assume g{Y) > 1, and let a = {Z,P) be a stability condition on T>Z2{X)- Then 

(1) the object O^-if^y-^ is a-stable for every y £ Y \ R; 

(2) a restricts to a stability condition on T>p.; 

(3) for any exact triangle A — t- Ox — s- — t- A[1] in V^^iX) with Hom-'^(^,i3) = and 
nonzero A and B, there exists Id {1, . . . , n} such that either A = Ox{— X^ie/ ''^iPi) ^'^'^ 
B = ®i(iiOmiPi, where all rui 's are odd, or A = ©ig/C © Op. [-1] and B = OxiY^i^jPi); 

(4) there exists a a-semistable equivariant line bundle. 

Proof. (1) Consider the triangle 

y^o,-i(j^)4x^y[i] 

with Y £ P(— oo,t], X e P(t,+oo), and assume that X / 0. Then by Proposition 17. H we 
have X = Xq © Xi[l], where Xq and Xi are equivariant coherent sheaves, and Xi is rigid. 

24 



By Lemma [7.21 Xi is supported at R. Hence, Hom(Xi,Xi) = Hom^(ker(/o), Xi) = (the 
isomorphism comes from Proposition 17.1( 3)). which imphes that Xi = 0. On the other hand, 
since Xq ^ 0, the condition Hom(coker(/o), Xq) = (see Proposition 17. 1( 2)) imphes that the 
map /o : 0,^-1(2^) — )■ Xq is nonzero, so it is an embedding. But coker(/o) is also rigid (see 
Proposition 17.1( 1)). so it is supported at R. Therefore, the extension 

0,r-i(y) ^ ^0 ^ coker(/o) 
splits. Since Hom(coker(/o), Xq) = 0, this implies that /o is an isomorphism. 

(2) Consider the triangle Y ^ E A X ^ Y[l] with Y € P(-oo,t], X E P(t,+oo), where E 
is a sheaf supported at pi, and assume that X / 0. Applying Proposition 17.11 and Lemma E2] 
again we see that coker(/o) is supported at R, so we can write coker(/o) = C © C", where C is 
supported at pi and C is supported at R — pi. Since im(/o) is supported at pi, the extension 

^ im(/o) -^Xo^ coker(/o) ^ 

splits over C. Since Hom(coker(/o), Xq) = 0, it follows that C" = 0, so Xq is supported at pi. 
Similarly, we have Xi = AQ A' , where A is supported at pQ and A' is supported at R — pi. To 
prove that ^' = we use the fact that the map ker(/o) — t- Xi factors through A, so Hom'^(74', A') 
maps to zero under the induced map Hom'^(Xi,Xi) — )• Hom^(ker(/o), Xi). But the latter map 
is an isomorphism by Proposition I7.1l f3). so we deduce that A' = 0. Hence, X is supported at 
Pi, and so Y is also supported at pi. 

(3) By Proposition 17. H we have B = BqQ) Bi[l], where Bq and Bi are equivariant sheaves. The 
fact that Bi is rigid (hence, torsion) implies that Hom^(C'x, Bi) = 0. Together with Proposition 
17.1( 3) this easily leads to Bi = 0. Let / : Ox B = Bq he the map in our exact triangle. 
Assume first that / is injective. Then B is an extension of a rigid object coker(/) by Ox, such 
that Hom*(coker(/), i?) = 0. By Lemma 17.21 we have 

coker(/)=.0Pi©0Q„ 

iei jeJ 

where Pi = 0®""% Qj = ((8) O®^' . Since Homi(Pi, Ox) = 0, the extension 

{)-fOx^B-f coker(/) ^ 

splits over Pj, which implies that Pj = (since Hom(coker(/), P) = 0). Next, the map 
Hom(coker(/), coker(/)) — )• Hom^(coker(/), Ox) induced by the above extension is an isomor- 
phism. Hence, for every j the induced map Hom(Pj,P,) ^ Hom\P,-,Ox) is an isomorphism. 
The source of this map has dimension n^, while the target has dimension n^, so we get that 
rij = 1. This gives the required form of A and B in this case. 

Next, assume that ker(/) ^ 0. Then ker(/) is isomorphic to Oxi—^iTriiPi), and im(/) ~ 
®iOmiPi- The condition Hom(ker(/), P) = implies that Hom(ker(/), im(/)) = 0. Hence, all 
nonzero m^'s are odd. Let I denote the set of i for which rrij ^ 0. The extension 

— ;> im(/) — )- P — )- coker(/) — ;> 

still has the property that Hom*(coker(/), P) = 0. This implies that coker(/) is supported at 
{pi I i S /}. Hence, P is also supported at this set. The condition Hom(ker(/), P) = implies 
that all indecomposable direct sumands of P are of the form 0„p,. , where i £ I and n is odd 
(and there is at least one such factor for every i € /). Now the condition Hom*(coker(/), P) = 
together with the rigidity of coker(/) (using Lemma l7.2p implies that coker(/) = 0. 
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(4) It follows easily from (3) that one of the HN-factors of Ox is a line bundle. □ 

Lemma 7.4. Assume g{Y) > 1, and let a = {Z,P) be a locally finite stability condition on 
T)i^{X) such that C'2p. is semistable for every i = 1, . . . ,n, and all 0^-i(^y-^ for y £ Y \ R are 
stable of phase 1. Then 

(1) C'2p,; e -P(l) for every i; 

(2) for every line bundle M on Y one has tt*M € P(0, 1). 

Proof. (1) By Lemma 17.3( 4). we know that there exists a cj-semistable equivariant line bundle 
L. Since for y G y \ i? we have nonzero morphisms L — )• C'^-i(y) and C'^-i(y) — )■ L[l], it follows 
that L G P{t) for some t G [0, 1]. Furthermore, we cannot have t = or t = 1, since there can be 
only finite number of nonisomorphic simple objects of phase t with nonzero maps to (or from) 
L. Now we have nonzero maps L — ?• 02pi and 02pi — ^ ^[1] which implies that the phase of 02p. 
is in the interval [t,t + 1]. But Z(02p.) has phase 1, so the phase of 02p. is equal to 1. 

(2) Tensoring a with AI~^ we immediately reduce to the case M = Oy- First, we observe that 
for any equivariant line bundle L one cannot have L £ P[l,+oo) or L E P(— oo,0]. Indeed, this 
follows from the existence of nonzero morphisms L — )• O^-i^^) and 0^-i(^y^ — )■ L[l] as in part 
(1). Let us consider the canonical exact triangle 

Ox ^ B ^ A[l] 

with A G P[l, +oo) and B E P(— oo, 1). By Lemma [7.3( 3) and the above observation, we obtain 
that A = ®ig/C "25 C'pJ— 1] for some / C {1, . • • ,n}. But this implies that for z E / one has 
C <^ Op. E P[2, +oo), which contradicts to the existence of a nonzero morphism from ^ Op^ to 
^2pi £ -P(l)- Therefore, Ox £ P(— oo,l). Now consider the exact triangle 

C ^ Ox ^ D ^ C[l] 

with C E P(0, 1) and D E P(— oo, 0]. Using Lemma [7^ 3) we obtain that D = (Bi^iOrmp^, where 
all rui's are odd. But we have a nonzero map C'2pi Op. ^ Ormpi, which is a contradiction 
since 02p, E P(l). Hence, D = and Ox G P{0, 1)' ' " □ 

Let us set SSi = Stab(Pp.). This is a two-dimensional complex manifold that we are go- 
ing to describe explicitly below. Note that these spaces for different points pi are canonically 
isomorphic, so we will sometimes skip the index i below. 

Proposition 7.5. (a) Let C SS (resp., U~ C SS) denote the subset of a such that Op^ 
(resp., C^^pi) is a-stable. Let also C SS (resp., W~ C SS) denote the subset of stabilities 
with respect to which C>2pi (resp., C,®^2pJ is semistable. Then C/+ and U~ are open, and 
W~ are closed, and 

SS = u+uu- = 

The subset W'^ n W~ is contained in n and consists of a such that Op^ and C <8> Op. are 
stable of the same phase. The subset U^CiU^nW^ is characterized in U~^r\W^ by the condition 
(j){Op-) < (j){02pi) + 1. Similarly, the subset [/+ n n W~ is characterized in W~ by the 
inequality (t>{OpJ > (f){C (g) 02p^) - 1. 

(b) There is a holomorphic submersion fi : SSi — ^ C such that exp(7r/j) is equal to Z{02pj), and 
Q{fi) is equal to the phase of 02pi on W'^ and to the phase of ( 02pi on W~ . The action of 

the subgroup M x Mi.g C GL^ (M) of rotations and rescalings induces an isomorphism of complex 
manifolds 

C X 

26 



such that fi corresponds to the projection to the first factor, where S = /~ (0) is a (noncompact) 
Riemann surface. 

(c) There is a well defined branch of ^log Z{Op-) (resp., ^\og Z{C, ® Op^)) on C/+ (resp., U~ ) 
that defines an isomorphism S Pi ~ C \ M>o (resp., S H ~ C \ M>oj. Under both these 
isomorphisms T, n D is mapped to the subset of C\ M>o consisting of z with \Qz\ < 1. 

(d) The Riemann surface S is simply connected and of parabolic type. More precisely, there 
exists an isomorphism S ~ C under which the function Z{Op-) on S corresponds to the function 

- + e dt. 

2 Jo 

Proof, (a) Recall that by Lemma l6.H the only endosimple objects in Pp. are Op., C,® Op., 02pi 
and C (g) C'2p, . Given a stability condition a = {Z,P), each subcategory P{t) is generated by 
stable (hence, endosimple) objects. In particular, stable objects generate Vp^. This implies that 
we should have at least two stable objects, and that one of the objects Op^ and C^S* is always 
stable (since the objects (!?2pi and C,®0)2pi do not generate Vp^). Thus, we have 55* = U^UU^ . 

Next, let us check that either 02pi or (g) 02pi is always semistable, i.e., SS = U W~ . If 
either Op. ov C, ® Op- is not stable then one of the objects C'2pi and C 02^^ has to be stable 
(since there should be at least two stable objects). Now assume that both Op- and C (8) Op^ 
are stable. If (l){Op^) = 4){C, Op.) then C'2pi and C "SD 02pi are both semistable of the same 
phase. If (l){Op.) > 0(C ® Op.) then 02^; is stable and C ©2^^ is unstable (=not semistable). 
Similarly, if (j){Op.) < cj){( Op.) then ( C2pi is stable and 02pi is unstable. This proves that 
SS = U W~ . Note in addition that C'2pj and ( C?2pi cannot be both stable since we have 
nonzero maps C'2pi C ® C'2pi and C C'2pi C'2pi • 

Let us classify stabilities such that Op. is stable. The following 3 cases (not mutually exclusive) 
can occur: (i) 02pi is stable; (ii) ( C'2pi is stable; (iii) ( Op. is stable. 

In case (i) we have 4){Op^) > 0(C'2pJ (since there is a nonzero map C'2pj — )• Op.). The exact 
triangle 

OpJ-i]^C»Op, ^02p, ^Op, 

shows that if (^(OpJ > </'(C'2pi) + 1 then ( (g) Op. is not stable. On the other hand, if (p{Op^) < 
4>{02pi) + 1 then one can easily check that (g) Op. is stable. A stability condition in this case 
is uniquely determined by the phases and central charges of Op. and C'2pi that can be arbitrary 
such that (/)(OpJ > (/.(02p.)- 

In case (ii) we have 4>{Op-) < 4){C, ® C'2pJ (because of the nonzero map Op. C,(^ C'2pJ- The 
exact triangle 

C ® 02p, ^ C ® Op, ^ Opji] ^ • • • 

shows that if (j){Op.) < (/)(C (8) 02pi) — 1 then (" (8) Op. is not stable. One can also check that 
for (j){Op.) > cj){( (8 C'2pJ — li the object C (8 Op. is stable. A stability condition in case (ii) 
is uniquely determined by the phases and central charges of Op. and C (8 02pi subject to the 
condition 0(C'pJ < (/>(C (8 02pJ- 
In case (iii) we have 

(7.1) |</.(OpJ-(/<(C0OpJ|<l 

(because of nonzero maps Op. — )• C "SD Op. [1] and ( (8 Op. — )• Op. [1] ) . One can easily check that 
if (^(OpJ > (/){( (8 Op.) (resp., (piOp.) < (/){( (8 Op.)) then C'2p^ is stable and C (8 C'2pi is unstable 
(resp., C (8 C'2pi is stable and 02pi is unstable). On the other hand, if (^(OpJ = (p{C "8 Op.) then 
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both 02p. and ( (8) C'2p. are semistable of the same phase. A stabihty condition in case (iii) is 
uniquely determined by the phases and central charges of Op. and (" iS" Op- subject to (j7.ll) . 

The above classification (complemented by a similar classification in the case where C Op. is 
stable) imphes the required characterizations of n W~, n n and n Pi W~. 

Note that the subsets and W~ are closed by general properties of stability conditions. 
It remains to check that and U~ are open. We'll do this only for (the other case will 
follow by applying the autoequivalence (SiC)- Assume first that a = {Z,P) £ Ci U~. Then 
there exists an interval {t,t + rj) with < < 1 such that all the objects Op., C (8) Op., 02p. 
and C (8> 02pi are in P{t,t + rj). Hence, if a' = {Z',P') is sufficiently close to a then these four 
objects are still in P'{t' , t' + r]') for some < rj' < 1. It follows from the above classification that 
in this case a' G n . Next, assume that a = {Z, P) G is such that 02pi is stable and 
CtXiOpi is not stable. Then we have ((dOp. G P[(l)o, +oo), where (po = <j){02pj, and also C'^^02pi 
is unstable. Hence, if a' = {Z,P') is sufficiently close to a then ( (gi Op. G P'(> 0o — 1/3), 
C2pi £ -P'(0o — 1/3,00 + 1/3), and ( (^2p, is cr'-unstable. Suppose that Op. is not cr'-stable. 
Then C, ® Op. and 02pi have to be stable. But the above inclusions show that the difference of 
phases of ^ (X" Op. and 02pi is < 1. Therefore, Op- is also cr'-stable by the above classification. 
Finally, assume a G is such that ^ <X 02pj is stable and (" (8) Op. is not stable. Then setting 
(f'o = 4'{C'^02pi) we get C^Opi S P(— oo, i?!)o]. The same argument as in the previous case shows 
that this implies that Op. is cj'-stable for a' close to a. 

(b) The fact that fi is well-defined and continuous follows from the fact that the phases of 
02pi and C (8) 02pj agree on n VF". Since exp(7r/i) is holomorphic by the definition of a 
complex structure on the stability space, it follows that fi is holomorphic. Now let us consider 

the subgroup M x W^q C GL^(M) acting on the stability space, where (a. A) G M x M^q acts by 
the phase rotation Ra combined with the rescaling of the central charge by A. Note that this 
action is compatible with the holomorphic action of this group on the central charges, where we 
identify M x R^q with C via (a. A) i— + ia. Under this identification we have 

fi{z ■ a) = fi{a) + z. 

This gives the required splitting C x T.'^SSi. 

(c) The identifications of E n U~^, S H U~ and S n D U~ follow easily from the proof of 
(a). Note that it is convenient to consider separately three regions in S depending on whether 
a G W-^\W-, a G W-\W+, or a G W+nW'. In the latter case we have (/-(OpJ = 4>{C<S)OpJ. 
In the first case if in addition a G U'^ (resp., a G U~) then (j){Op.) > (resp., (8> Op.) < 0), 
etc. 

(d) As we have seen in (c), the function Z{OpJ restricts to exp(7rz) on T,riU~^ ~ C\M>o, hence, it 
has a logarthmic ramification above and oo. On the other hand, since Z{Op.) = 1 — Z((^(8)Op.), 
we see that the restriction of this function to S n has a logarithmic ramification above 1 
and oo. Now we can easily identify S with the simply connected Riemann surface that has 4 
logarithmic ramification points, two over oo, one over and one over 1. Our result follows easily 
from the Nevanlinna's classification of such surfaces (see \13\ sec. 45]). □ 

Corollary 7.6. The function 6i : SSi — )• M given by 

^^^^ _ I det(Z(C (8 Op.), Z(02pJ), C'^(^2pi is a - semistable, 
[ 0, 02pj is a — semistable 
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is continuous. 



Let us consider the submanifold © of 5*51 x . . . x SSn x C consisting of (di, . . . ,an,z) such 
that = . . . = /n(o"n)- Note that by Proposition I7.5l fb). we have 

e ~ c X X c, 

where the first factor corresponds to fi{(7i). 

Theorem 7.7. Assume that g{Y) > 1. Then natural map 

p : StahMiVz, {X)) ^ SSi x . . . x SSn x C : a ^ {(7^,, (t\v,^ , Z{Ox)) 

induces an isomorphism of'&iabj\/{T)i2{X)) with the open subset C Q consisting of {ai, ... ,an, z) 
such that 

n 

(7.2) det{z,exp{TTfi{ai))) +Y,^M^) > 0- 

i=l 

The space Stahj\f{'Dz2{X)) is contractible. 

Proof. Note that the map p is well defined by Lemma [7.3( 2). It is continuous and is compatible 

with the similar restriction map on the central charges and with the GL^(R)-actions. 
Step 1. Let us check that the image of p is contained in The fact that it is contained in 
follows immediately from the definitions, so it remains to check that (j7.2p holds whenever 
cTi,...,(Tn are the restrictions of some a G Stahj\f{'Dz2{X)) to Vp^, . . . ,Vp^. Recall that by 
Proposition 17. 5| for every i G {l,...,n} either 02p^ or Q ® 02p^ is u-semistable. Thus, by 
Lemmas 17.3( 1) and 17.4( 1). rotating a and tensoring it with an appropriate line bundle, we can 
get a stability with respect to which all objects C^-i(j^) for y e y \ i? are stable of phase 1, 
and all objects 02pi are semistable of phase 1. Note that for such a stability inequality (j7.2p 
is satisfied, as 5i{ai) = for all i and the first term in ()7.2p is equal to '^Z{Ox) (recall that 
Ox G -P(0, 1) by Lemma [73|). It remains to check that the left-hand side of ()7.2p for p{a) does 

not change upon tensoring a with an equivariant line bundle (the GL2'(M)-invariance is clear). 
It is enough to compare the left-hand sides of (17. 2j) for a and a' = a ® 0{—pi), assuming that 
all O^r-ii^y) foi y £ Y \ R have phase 1 and 02p^ is u-semistable. Indeed, the central charge for 
a', is given by Z'{E) = Z{E{pi)), so z = Z{Ox) will get replaced by 

Z'{Ox) = Z{0{pi)) = Z{Ox) + Z{Q OpJ, 

so the first term QZ{Ox) in (|7.2p gets replaced by its sum with QZ{C (X" Op J. On the other 
hand, since ( (^2p^ is u'-semistable, the term Si{a\D^J = gets replaced by 

= '^z'ic ® OpJ = ^Z{Op^) = -9Z(C Op^). 

Step 2. Up to a rotation and tensoring with a line bundle, every stability condition a G 
Stab7\^(Pz2 {X)) is obtained from the construction of Proposition l6.31 Indeed, applying a rotation 
and tensoring with a line bundle we can assume that O^-i(j^) for all y G y are u-semistable of 
phase 1. Now we have to check the remaining conditions of Lemma 16.4( a). By Lemma 17.41 we 
know that 7r*L is in P(0, 1) for every L G Pic(y). Next, by Proposition 17.5( a). for every i the 
restriction of a to belongs either to T^+nT^", or to (M^+n[/+)\I^-, or to (1^+ n C/~) \ C/+. 
In the first case both Op- and C, ® Op, are stable of phase 1. In the second case Op. is stable of 
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phase > 1. Finally, in the third case C,®Op. is stable of phase < (this follows from Proposition 
EHa)). 

Step 3. p gives a bijection from Stab_A/('Dz2 (-'^)) to Fhst, suppose we have two stability 
conditions a = {Z,P) and a' = {Z',P') such that p{a) = p{ct'). Then Z = Z' and the induced 
stability condition on Dp. for a and a' are the same. This implies that for every i, 02pi is cr- 
semistable if and only if it is cr'-semistable (of the same phase). Therefore, rotating and tensoring 
with a line bundle we can assume that C'^-i(j^) for all y are semistable of phase 1 with respect 
to both a and a' . As we have seen in Step 2 this implies that conditions of Lemma 16.4( a) are 
satisfied for a and a' , which gives a = a' . On the other hand, given a point (ai, . . . , (T„, z) € 

using the GL^(M)-action and operations on G'^ corresponding to tensoring with a line bundle 
on X, we can assume that ^fiipi) = 1 and 02p. is (jj-semistable for every i. We can define 
the central charge Z uniquely so that Z\x>^ = Zi and Z{Ox) = z. Note that inequality (|7.2p in 
this case takes form > 0. Now using Proposition 16.31 we can easily construct the stability 
condition a on D^2(^) with the central charge Z and the given restrictions fij on Pj. 
Step 4. Stab;v'(^Z2 (-'^)) is connected. This follows from the continuity of gluing and Step 2. 
More precisely, let us first show that all stabilities constructed in Proposition 16.31 belong to the 
same connected component. To this end we consider them as being glued from {(^ (gi Op.,i £ I~) 
and D{I^ L) I^). Now using Corollarv 14.51 we can find a path from our stability to the one that 
has the phases of all ^ (S" Op.^s for i G /~ in the interval (—1,0), and the phases of all Op.'s for 
i £ in the interval (1, 2) (in particular, we will have nj = 1 for all i £ I~ U/+). By definition, 
such a stability belongs to the connected set U considered in Theorem 16.61 Thus, the set V of 
all stabilities constructed in Proposition 16.31 is connected. Therefore, for every equivariant line 
bundle L the set V is still connected. Since the standard stability is contained in all of these 
sets, the statement follows from Step 2. 

Step 5. It follows from Step 4 that every a £ Stahj^{'Dx2iX)) is full. Therefore, the projection 
from Stahj\f{T>z2{X)) to the space of numerical central charges is a local homeomorphism. This 
implies that p : Stah_^f{Vz2iX)) — ©'^ is a local homeomorphism. Therefore, by Step 3, it is a 
homeomorphism. 

Step 6. It remains to prove is contractible. By Proposition [731 the space can be identified 
with the product C x S" x C, where the first factor corresponds to fi{(Ti). Let us consider the 
projection — t- C x S" obtained by omitting the last component. Each fiber of this projection 
is a half-plane. Since the target is contractible, it follows that ©^ is also contractible. □ 
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